Chapter 2 

 LISTNUM  LegalDefault \l 1 \s 2   Literature review

The following literature review elucidates the importance of volatility in option pricing, which is the premise for this research.  This review presents a brief background of the Classical Option Pricing Models (COPM) by Black and Scholes (1973) and Black (1976).  Regularity conditions for the drift and volatility functions of option pricing models are also addressed.  The COPM is derived based on assumptions of the dynamic process of the underlying asset.  A violation of an assumptions means the COPM is miss-pricing the contingent claim.  Alternative option pricing models attempt to correct for these errors.  The remaining sections discuss the alternative option pricing models including benefits and weaknesses of each model.  These sections include material relating to characteristics other than the volatility component to provide a complete coverage of asset pricing models and their relationships.

 LISTNUM  LegalDefault \l 2 \s 1   Theory: Black-Scholes and the Classic Option Pricing Model

Development of an asset pricing model, for single and multi-factor models, begins with a description of an assets’ price evolution.  A generalized price process is 
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where ((F,t) is the drift of the diffusion process, ((F,t) is the volatility function, and dz is an increment of Brownian motion.  The COPM for options on equity assets has the following assumptions:

1. ((F,t) and ((F,t) are constant,
2. short sales with full access to proceeds are permitted,
3. frictionless markets, 
4. a constant risk free asset,
5. no payouts or dividends by the underlying asset, and
6. trading is continuous.
Derivation of alternative valuation models for other classes of assets like commodities and interest rates relax these assumptions with re-specification of the drift (mean) function, volatility function, or additional random components (multi-factors).  

Baxter and Rennie (1998) provide the following regularity conditions for the volatility and drift functions of single and multi-factor models.  The regularity conditions ensure the drift and volatility functions are well behaved or tractable.  These regularity conditions are as follows:

1. for each T, the process ((t,T) and ((t,T) are previsible and their integrals 
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are finite;

2. the initial forward curve is deterministic and satisfies the condition that 
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3. the drift ( has finite integral 
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4. each volatility, (, has finite expectation 
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The progression of option pricing developments follows re-specifying the drift or volatility functions to match market characteristics or overcome a violation of the COPM assumptions.  

 LISTNUM  LegalDefault \l 2   Development of options pricing models

The COPM was developed under the previously mentioned assumptions for valuing equities.  Asset or market characteristic that differs or violates these assumption cause miss-pricing of contingent claim.  Alternative models were developed to value derivatives on assets to incorporate different characteristics.  Single-factor equity models correct for a violation of the no-payout/dividend assumption, where single-factor interest rate models are correcting for time-varying characteristics of the drift and volatility functions of the diffusion equation.  Extending these single factor models to multi-factor models includes additional state variables and alternative specifications of the in the drift and volatility functions.

 LISTNUM  LegalDefault \l 3   Single factor models

Single factor models seminal extensions were the incorporation of dividend yields for equities (Merton, 1973) and a foreign risk free rate for currency options (Garman and Kohlhagen, 1983).  Together these developments led to option pricing models for pricing derivatives on commodities and other assets with cost of carry or convenience yields (Gibson and Schwartz, 1991 and Brennan and Schwartz, 1985).  Cost of carry and convenience yield is the gains attributable to owning the physical asset verses a financial derivative where storage, transportation, and insurance are costs incurred against the value of the physical asset.  These single factor models for contingent claims of equities, currencies, and commodities have alternative drift specifications and the assumption of constant volatility.  These specifications are shown in Table II.  

Interest rate models of the short rate illustrate alternative specifications for both the drift and volatility functions of the diffusion process in contrast to the previously discussed single factor models where only the drift function was modified.  The Ho and Lee (1986) model has the short rate with drift, (, and constant volatility and this specification is equivalent to the COPM for assets.  The Vasicek (1977) model drift function is 
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, where ( and ( are constant, and the volatility function is constant.  The Vasicek model is an Ornstein-Uhlenbeck stochastic process with mean reversion properties.  The Cox, Ingersoll, and Ross (1985, CIR) model has the drift function of the Vasicek model, but ( and ( are deterministic functions of time and their volatility function varies with time and interest rate levels as 
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.  The Black-Karasinski (1991) model is the Vasicek model in log-space with the volatility function and drift parameters, ( and (, being deterministic functions of time.  All of these models are contained within the set of models called Constant Elasticity of Variance models (CEV) where the volatility function is 
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  Table II provides a summary of these models.

All of the interest rate models, except for the Cox-Ingersoll-Ross model have the volatility defined as functions of time only, and there are tractable solutions for these models.  The Cox-Ingersoll-Ross model contains a derivative with respect to time in its DVF specification and has no analytical solution but is numerically tractable (Baxter and Rennie, 1998).  These models can be expressed in terms of the HJM multi-factor model discussed in the following section where the drift and volatility functions are specified in terms of the forward curve.  

 LISTNUM  LegalDefault \l 4   Derivation

The models discussed above utilize assumptions of the COPM.  Embedded in the derivations of these models is that agents have a constant relative risk aversion (CRRA) utility function, which the lognormal distribution is a member.  This allows one to derive these models in a "Black-Scholes" world where the distribution of returns for the underlying asset are log normally distributed.  CIR utilizes a consumption based market approach to derive their interest rate model that allows them to specify the market price of risk.

 LISTNUM  LegalDefault \l 4   Parameters

There is only one parameter for the single factor equity, currency, and commodity models that is unknown: the volatility parameter.  Estimation methods for this parameter include using historical data, time series methods, and loss functions.  The loss function estimation method uses traded options to fit the model price to a market price by inverting the COPM to solve for the unknown volatility parameter termed the implied volatility.  Interest rate models have the additional mean reversion and long run mean parameters.  These models utilize the same methods where the loss function is the prevalent choice to fit traded bond prices and solve for the model parameters.

 LISTNUM  LegalDefault \l 4   Benefits and weaknesses
Single factor models are easy to understand, implement, and estimated parameters are reproducible.  The weakness of these models is that empirical data shows that several assumptions are violated.  Violated assumptions include non-normality in the return distributions like leptokurtosis and additional state variables like stochastic volatility.  These issues with single factor models have led to the development of multi-factor models to address non-normality of return distributions and include additional stochastic state variables.

 LISTNUM  LegalDefault \l 3   Multi-factor models

Multi-factor models were developed to account for the excess kurtosis and skewness, or incorporate additional market factors as state variables.  Multi-factor models incorporating additional state variables have multiple stochastic or random components.  The random components include forward rates or prices, and additional stochastic components that are incorporated in the drift and volatility functions.  Stochastic jumps can also be included.  Multi-factor models can be grouped under two categories: Single-factor extensions and forward models.  

There are three prevalent specifications with stochastic components in the drift or volatility functions that are extensions of single factor models.  Two specify random variables in the drift function and one in the volatility function.  Common random components are stochastic interest rates, cost of carry (dividend yield), volatility
, and jump processes specified as a system of stochastic differential equations (Wiggins, 1987, Scott, 1987, Hull and White, 1987, Heston, 1993, Stein and Stein, 1991, Bakshi, Cao, and Chen, 1997, Bates, 1991 and 1996, Cortazar and Schwartz, 1994, and Schwartz, 1997).  The forward models have the forward prices or rates specified as a system of stochastic differential equations (Clewlow and Strickland, 1999, and  Heath, Jarrow, and Morton, 1990).  

A generalized specification for a multi-factor model is 
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1. ((*), ((*)
, f(*), and g(*) are drift and volatility functions, 

2. ( is the cost of carry, 

3. r is the instantaneous risk free interest rate, 

4. (j is the jump mean, 

5. (s,q is the correlation between the brownian process, 

6. (j is the standard deviation of the jump, and

7. Jt is the magnitude of the jump.

This generalized specification includes multi-factor spot and forward models with stochastic volatility, stochastic convenience yield (dividends), stochastic interest rates, and jump diffusion components.  The functions ((*), ((*), f(*), and g(*) are varied and subject to the regularity conditions 1-4 presented in Section 2.1.  A common specification for ((*) and f(*) is an Ornstein-Uhlenback (OU) drift, where ((*) is commonly specified as a square root process of CIR, while g(*) is assumed constant.  Table III provides a summary of multi-factor models and specifications of the drift and volatility functions.

 LISTNUM  LegalDefault \l 4   Derivation

Multi-factor models require the basic assumptions of continuous trading, perfect markets, and no borrowing restrictions for deriving a valuation model.  Multi-factor models for interest rates, stochastic volatility, and stochastic convenience yield have components that are not traded assets.  Non-traded assets introduce a market price of risk that requires a change of numeraire for risk neutral valuation and assumptions about the preference structure of agents.
  The specified assumptions allow deriving an option pricing formula in a risk neutral environment utilizing Ito's Lemma and the Feynman-Kac formula resulting in a COPM type solution.
  Single factor extensions specify the risk adjusted spot price process and derive the forward specification.  Multi-factor models of forward curves specify the risk adjusted forward price process and derive the spot specification.  Each of these types of models must incorporate the correlation structure in the system of equations shown in (2).

Multi-factor models contain correlations between random components that affect the complexity of the solution and parameter estimation.  Stochastic volatility models provide a good example of how restricting the correlation can change the solution.  Models of Hull and White (1987, HW) and Stein and Stein (1991, SS) assume the correlation to be zero, allowing for tractable solutions for the option pricing formulas.  This solution results in the valuation being the integral of COPM contingent claim over the distribution of volatilities.  Johnson and Shanno (1987) assumed the correlation as nonzero, but require two options with different maturities to create a hedged portfolio for deriving a solution.  These two stochastic volatility models demonstrate how restrictions or assumptions of a parameter can change the results.  

 LISTNUM  LegalDefault \l 4   Parameters

The parameters of multi-factor models are estimated several ways: historical data, time series estimation, and loss functions.  A loss function method and time series estimations are the prevalent techniques.  Time series estimation includes GARCH, EGARCH, and GARCH in mean techniques.  Bakshi, Cao, and Chen (1997) use the loss function with traded options.  Stein (1987) use time series estimation with data of the underlying asset and Schwartz (1997) uses the advanced time series estimation Kalman Filter technique with spot price data.  Clewlow and Strickland (1999) use Hull and White’s (1987) numerical methods to approximate the parameters with forward price data.  Selecting a parameter estimation method is usually dictated by the availability of derivative prices for implementing a loss function and historical prices of the underlying asset for time series or historical estimation techniques.

 LISTNUM  LegalDefault \l 4   Benefits and weaknesses

Multi-factor models are complex and difficult to implement, because the number of parameters increases the complexity and difficulty of estimation (Brooks, 1993, Derman and Kani, 1994, and Dumas, Fleming, and Whaley, 1998).  This is seen in equation (2).  Market characteristics such as depth and liquidity impact the choice of estimation technique because depth and liquidity of derivatives or underlying assets provide data for estimating parameters.  The limited availability of prices causes parameter estimation to be difficult.  Models that require the estimation of the unobservable market price of risk parameter also have difficulties because of this additional parameter.  Finally, the parameters are sensitive to outliers.

The empirical findings suggest mixed results for these models.  The correlation of the volatility and commodity level is found in the price distributions and effect pricing ITM options relativity to OTM options (Heston, 1993, Bates, 1996, and Stein and Stein, 1991).  HW find that correlation of volatility with the price seems to explain the smile effect whereas, Bates (1996) finds that a stochastic volatility model does not capture the smile effect; and a jump diffusion model can only capture the volatility smile effect with implausible parameters relative to their time series counterparts.

These multi-factor models have not been able to capture the behavior of the smile even though Ball and Roma (1994), HW, and Taylor and Xu (1994) show that the quadratic smile exists under stochastic volatility models.  Wiggins (1987) explains that shocks increase OTM and ITM implied volatilities in his study of the S&P 500 options.  The effects of shocks on the OTM and ITM options are smile effects relative to the ATM volatility resulting in a negative linear skew.  Figure 1, panel C shows the negative skew.

 LISTNUM  LegalDefault \l 3   Deterministic volatility models

The literature to date has classified deterministic volatility models (DVM) as empirical anomalies.  This is justified since many of the specifications of DVM are ad hoc or exercises in data mining.  The main disadvantage for DVM is that theoretical justification is incomplete.  Theoretical justification can be found in the development of multi-factor models as Baxter and Rennie (1996) provided with their single factor interest models.  This is shown in Table II in the DVF column.  Originally, Breeden and Litzenberger (1978) showed that the risk neutral conditional density function of the terminal distribution of the underlying asset could be specified as a function of the strike.  Dupire (1994), using this result, develops a continuous time DVM.  Rubinstein (1994) and Derman and Kani (1994, DK) extend Dupire’s work and utilize binomial tree methods to implement valuation models.  This research addresses the limitations of past DVM research to bridge the empirical results of volatility with financial theory.  

The specification of DVM in equities, commodities and other derivatives to date has been ad hoc but some do exhibit theoretical justification without completely linking the empirical with financial theory.  The following sections will attempt to overcome this limitation.

 LISTNUM  LegalDefault \l 4   Multi factor models

The Heath, Jarrow, and Morton (1990, HJM) type multi-factor models of interest rates and the commodity model of Clewlow and Strickland (1999) are DVM.  The specification of the volatility function as an exponentially damped volatility structure is deterministic.  This feature provides the major link from empirical analysis to theoretical specification.  Baxter and Rennie (1996) show how to specify the single factor interest rate models as multi-factor forward rate models in a deterministic environment.  The volatility function for short term interest rate models is 
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HJM class of multi-factor interest rate and the commodity models of Clewlow and Strickland (1999) and Schwartz (1997) commodity model specify ((F,t,T) as only time dependent as 
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In addition, Clewlow and Strickland highlight the work of Schwartz (1997) and demonstrate that Schwartz’s two-factor model with stochastic convenience yield is recovered by choosing the appropriate DVM.  Clewlow and Strickland (1999) show that the volatility function for Schwartz’s models contains two components, which are 
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where (s(t,T) is the time varying volatility for the spot, (((t,T) is the time varying volatility for convenience yield, (s is the fundamental spot volatility, and (( is the fundamental volatility of convenience yield.  The key feature of these models is the specification of a volatility function that allows for deriving a closed form pricing solution.  The majority of the literature specific to DVM has not exhibited the empirical and theoretical ties that this section has shown.

 LISTNUM  LegalDefault \l 4   Smile consistent option pricing

Deterministic Volatility Model (DVM) research has addressed methods to capture the volatility skew and term structure and provide procedures for valuing options.  The deterministic volatility assumption does not rule out stochastic volatility or that volatility estimates contain jump components, only that the information embedded in the volatility smile and term structure dominates the stochastic components.
  This alternative approach uses traded options to extract the volatility surface that is then used for valuation and risk management.  DVM’s require a Deterministic Volatility Function (DVF) for volatility that is a function of time and moneyness as (=f(T-t, K,F).  Moneyness is defined as the ratio of the strike price divided by the underlying asset price (K/F)
 and is a distance measure of how far an option is ITM or OTM.  
 LISTNUM  LegalDefault \l 4   Derivation

Deterministic volatility models are derived based on the effective theory of volatility where the local volatility surface is a deterministic function based on a spectrum of options and futures prices.  This allows making inferences about the terminal distribution of the underlying asset (Derman and Kani, 1994).  Based on Derman and Kani (1994 and 1997), the relationship between implied volatility and deterministic volatility functions for a futures contract can be derived.  The forward (Fokker-Plank) equation for a forward based on (1) is 
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where C is the option price, r is the risk free interest rate, K is the strike price for the option, 
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is the second partial derivative of the option with respect to strike price, and (K is the volatility function.  COPM assume (K is constant, whereas CS and HJM assume an exponentially damped volatility structure.  This is analogous to a static forward rate curve defining the effective theory of interest rates (Derman and Kani, 1997).  The solution to (5) for a given strike, K, is 
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This local variance is an unbiased, risk adjusted expectation of future realized variance at time T (Derman and Kani, 1997 and Fleming, 1998).  The volatility ((F,t) is a function of the underlying futures price, Ft, and time t, and ((K,t) is a function of the strike and time.  The effective theory of volatility is defined by (7) with a non-random local volatility surface.  The effective theory of volatility is equivalent to the effective interest rate theory used in modeling bond price dynamics (Derman and Kani, 1997).  

 LISTNUM  LegalDefault \l 4   Summary of implied volatility lattice methods

There are three types of implied volatility lattice methods.  Dupire (1994) and Derman and Kani (1994, DK) pioneered the implied volatility tree (IVT); Rubinstein (1994) developed the implied binomial tree (IBT); and Clewlow and Grimwood (1997) utilized finite difference methods as an alternative to the IVT tree process.  The differences in the IBT and IVT techniques are in the assumptions and application under investigation, the finite difference method is equivalent to the IVT.  The IVT produces the skewed terminal distribution implied by the market whereas, the IBT restrict the results to an a-priori specified terminal distribution.  Derman, Kani, and Zou (1996); Derman and Kani (1997), Derman, Kani, and Chriss (1996) and Chriss (1997) extend DK to include trinomial trees and American options.  This research utilizes binomial methods to implement IVT because the IBT method’s a-priori restriction on the terminal distribution.

Implied volatility trees are implemented in the same manner as forward rate models of interest rates.  Initially, a set of options are used as inputs with a varied cross-section of strike prices and maturities.
  A method for translating between price space and volatility space is needed for the set of options.  Additionally, an interpolating function for the volatility surface of these options is required.  Finally, IVT uses forward induction to build the tree structure.

 LISTNUM  LegalDefault \l 4   Assumptions of lattice methods

All of the methods previously discussed assume that markets are efficient with no arbitrage conditions and option pricing models like the COPM are misspecified (Chriss, 1997).  The IVT of a number of researchers were developed under similar assumptions with technical conditions to ensure the IVT correctly prices the contingent claim (Derman and Kani, 1994, Derman, Kani, and Zou, 1996, Chriss, 1996 and 1997, Clewlow and Grimwood, 1997, and Derman, Kani, and Chriss, 1996).  The assumptions and technical conditions are 

Assumption:

Markets are efficient with no arbitrage opportunities (Derman and Kani, 1994, Derman, Kani, and Chriss, 1996, Clewlow and Grimwood, 1997, and Finucane and Thomas, 1997);

Technical Conditions:

1. The commodity follows a binomial or trinomial process (Rubinstein, 1994),

2. The tree is recombining (Rubinstein, 1994),

3. Negative transition probabilities do not exist (Barle and Cakici, 1995),

4. The branching process is risk neutral at each time step (Barle and Cakici, 1995), 

5. The discount rate is constant over the time to expiration or is exogenous (Rubinstein, 1994), and 

6. The volatility at each node, as specified by the volatility function, dominates other stochastic or jump components of volatility (Derman, Kani and Zou, 1997).

Derman and Kani (1994) specify the no arbitrage condition as the forward price equal to the future value of the current commodity level: 
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.  Technical condition 2 may be relaxed where a non-recombining tree is used, but this author is not aware of any research implementing an IVT in this manner.

 LISTNUM  LegalDefault \l 4   Parameters

DVM is an attempt to capture the leptokurtosis in the terminal distribution of the underlying asset using implied volatilities estimated from traded options.  Constructing an implied volatility tree requires a technique for interpolating volatilities for different strike prices of non-traded options.  There are many methods of interpolation.  A simple method for interpolating is ordinary least squares (OLS) or other econometric technique (Pena, Rubio, and Serna, 1999, Dumas, Fleming, and Whaley, 1998, and Ncube, 1996).  Numerical methods for interpolation are cubic, bicubic splines, and Edgeworth Expansions (Bates, 1991, Chriss, 1997, and Clewlow and Grimwood, 1999, Derman, Kani and Zou, 1996).  Brown and Randall (1999), Chriss and Morokiff (1999), and Demeterfi, Derman, Kani, and Zou (1999) specify subjective volatility functions based on pragmatic observations of markets.  Numerical methods can exactly fit the volatility structure but do not allow for interpretation or analysis of the estimation results.  In contrast, regression and econometric techniques allow for interpretation of the estimation results.  Finally, the subjective models are valid only in their specific application.  Derman (1999) provides the only volatility specification that relates financial theory with empirical observations and this is important to development of DVM’s.

The numerical methods provide an algorithm for interpolating volatility for use in the IVT procedures.  The other methods specify the volatility as a function of the ATM volatility, moneyness, strike, time, or delta.  This function is normally a linear relation that may contain quadratic terms in strike or time.
  These specifications will be discussed more in the following chapter.  A general volatility function can be defined as 
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The ATM volatility is the intercept and the other terms scale this value up or down depending on the observed volatility skews.

 LISTNUM  LegalDefault \l 4   Benefits and weaknesses

A deterministic volatility function will incorporate leptokurtosis in the terminal distribution of prices than are observed in the markets.  This is exhibited in Figure 6.  In the CRR binomial tree with constant volatility is depicted in Figure 7 Panel A, and a skewed tree utilizing DVM is depicted in Figure 7 Panel B.  This will allow the pricing of options and calculation of risk management metrics that account for the skew.

Past empirical research is multifarious concerning DVM’s benefits and weaknesses.  Bates (1996) compares deterministic volatility with stochastic volatility and jump diffusion models, and finds that over a short time to expiration, deterministic volatility out performs the stochastic model.  Bates finds that with longer expiry options, the stochastic component dominates.  Ncube (1996) uses panel data econometric procedures to estimate deterministic volatility functions in FTSE 100 index options and finds volatility estimated with this methodology outperforms implied volatility estimates in minimizing pricing errors.  Dumas, Fleming, and Whaley (1998) in their research conclude the more flexible a deterministic model is, the more reliably it estimates the volatility structure.  Also, the longer the forecast period, the less accurate the predictive capabilities the model becomes relative to the COPM model.  They also find that the hedging performance of the COPM is superior relative to their deterministic volatility model.  Buraschi and Jackwerth (1999) find that DVM’s are inconsistent with the no arbitrage assumption, but are consistent with stochastic volatility models for ATM options.  Additionally, they find that options at strike levels away from the money are driven by an additional factor related clientele utility considerations.

Hull (2000) provides an interesting comment about DVM and volatility surfaces.  He notes that traders do price options using volatility surfaces and the COPM.  This relegates the COPM to an interpolation formula that translates volatility to the correct market prices.  Changing the pricing model changes the volatility surface, but not the option price.  Rebonato (1999) is even more critical of both DVM and the COPM.  He states “the smiley implied volatility is the wrong number to put in the wrong formula to obtain the right price.”  Both authors are critical of the DVM to correct the problems associated with the violation of COPM assumptions, but even with their criticism, both state that these types of models may be applicable to interest rates, commodities, and other assets.

Deterministic volatility models have their detractors, but traders do price options using these methods as Hull (2000) states.  Under these conditions, research of a DVM that is grounded in financial theory will benefit the financial industry and extend the current research in commodities as suggested by Hull and Rebonato.

�  See Baxter and Rennie (1998) for detailed derivation of these interest rate models.


� The market price of will be discussed in the following section.


� Discrete time series (GARCH) option pricing models of Duan (1995), Heston and Nandi (1997), Duan and Wei (1999), Garcia and Renault (1998), Kallsen and Taqqu (1998), and Sabatini and Linton (1998) can be included in this category because in the continuous limit, a GARCH model is equivalent to stochastic volatility.


� This is the commodity return variance conditioned on no jumps occurring,


� The jump in this specification from BCC is assumed log-normally distributed, but a Poison process can be utilized as did Merton (1976).


� Utility functions with properties that are tractable fall under the class of Hyperbolic Relative Risk Aversion functions that include constant relative risk aversion, isoelastic, and lognormal utility functions (Merton, 1990).


� See Duffie (1996), Baxter and Rennie (1998), Heston (1993), Heston and Nandi (1998), and Bakshi, Cao, and Chen (1997) for details of this type of derivations.








� The distinction between stochastic volatility and deterministic assumes that the random error of the DVM has an expectation of zero.  That is the same as the random component of a stochastic volatility model, but the DVM has the time varying volatility embedded in a static volatility surface.  Stochastic volatility models will allow the volatility to be random.  Rosenberg (2000) and Derman and Kani (1997) develop a Dynamic Implied Volatility Function where the volatility surface is modeled as a function of one or more stochastic state variables, which extends DVM to stochastic volatility models.  This extension has the stochastic volatility being a function of strike and price level where each combination of strike and price is a state variable.


� Alternative definitions for moneyness is centering around zero that is accomplished by subtracting one from the ratio and as specified by Hull (2003)� EMBED Equation.DSMT4  ���.





� Rubinstein (1994) Implied Binomial Trees specify only a cross section of options with different strike prices for a given time to maturity and a pre-determined terminal distribution.


� Brown and Randall (1999) use a non-linear functional form containing hyperbolic tangent and secant functions.
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