Chapter 3

 LISTNUM  LegalDefault \l 1 \s 3   Theoretical framework

The proposed smile consistent volatility model (SCVF) will be derived in this section, and the framework for implementing the model will be discussed.  The COPM and the Clewlow and Strickland (CS) model are benchmarks for the SCVF.  The COPM is used in the industry as the standard model for risk management, and for this reason is a benchmark.  The CS model is a common alternative and this model nests within the proposed SCVF.  The following sections present these models, the methods for estimating the parameters of the three models, and valuation techniques for these models.

 LISTNUM  LegalDefault \l 2 \s 1   Smile consistent volatility model

 LISTNUM  LegalDefault \l 3   Derivation of smile consistent deterministic volatility function

A deterministic volatility function (DVF) must satisfy the regularity conditions in section 2 and link the DVF with implied volatility in a parameterization that incorporates moneyness and time to expiration.  Derman (1999) and Derman, Kamal, and Zou (1996) are the only authors that attempt to link the volatility function of the diffusion equation for the underlying asset with implied volatilities.  Dumas, Fleming, and Whaley (1998, DFW), Pena, Rubio, and Serna (1999, PRS) parameterize the DVF correctly but these authors introduce specification error in their models.  DFW assume that the implied volatility and local volatility are equivalent measure of the DVF.  This is not a valid assumption (Chriss, 1997).  PRS apply their log-transformation on the moneyness variable and not the time to expiration variable.  Authors applying the DVM in practical examples parameterize implied volatility with ad hoc specifications that is only applicable in their specific applications (Brown and Randall, 1999, Chriss and Morokiff, 1999, and Demeterfi, Derman, Kamal, and Zou, 1999).  

The goal is to obtain a DVF that is internally consistent with multi-factor models.  Term structure models have a volatility specification that is time and price level dependent.  A deterministic volatility function should have the same structure to account for price level as well.  Derivation of the DVF begins by specifying the relationship of the underlying price volatility with the instantaneous volatility, price level, and time to expiry.  The chosen specification for this research uses a quadratic price level variable to capture non-linear skewness in the implied volatilities.  The specification in log-space is
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This equation is a linear because of the log transformation.  This is an extension of Derman (1999) with the addition of the time and quadratic price level terms.  The last term adjusts the underlying volatility for price level that will capture the quadratic (skewed) volatility smile, thereby allowing for OTM (ITM) calls (puts) to have higher volatilities and ITM (OTM) calls (puts) to have lower volatilities.  The first three terms on the right hand side of (8) are based on Ball and Roma’s (1994) and Taylor and Xu’s (1994) theoretical results that show stochastic volatility can be a function of price level and time.  The proposed DVF follows Rebonato’s "Floating Smile" and Derman's "Sticky Implied Tree Smile” rules discussed in Chapter 2.

The implied volatility, (K,T, is the average over all possible price paths to finish ITM for a call option.  The implied volatility is found by integrating over the time to expiration and the price/strike level in log space as
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By substituting (9) for ((f,t), this equation becomes
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The solution to this double integral is 
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Equation (9) is substituted for the variable (0, resulting in the DVF in log-space for implied volatility
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The third term in (5) increases volatility as the strike increases (decreases), and as the underlying price decreases (increases).  Rewriting (5) and transforming from log-space, we obtain
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where (1 is (1/2, (2 is (2/3, and ( is (/2.  The variables (' and (' are the transformations of ( and ( from log-space.  Equation (6) reduces to an internally consistent volatility structure (Clewlow and Strickland, 1999, Schwartz, 1997, and Ritchken, 1996) by restricting (1 and (2 equal to 0 or when the strike equals the forward, (ATM or K=F) as


[image: image7.wmf](

)

{

}

,,

exp

KTFT

Tt

sk

¢¢

S=--

.




( AUTONUMLGL  \e )

This structure assumes no skewness and the implied volatility is equal to the forward volatility.  Equation (7) is a mean-reverting model that is an exponentially dampened volatility structure (Ritchken, 1996).  This structure is the volatility structure of the HJM class of term structure models and the multi-factor model of Clewlow and Strickland (1999) and Schwartz (1997) for price process with (' and (' replaced by the forward volatilities and the long run mean of volatility respectively.  

The estimated parameters (1, (2, and ( allow interpolating or predicting volatilities for options that are not traded.  This method for predicting volatilities is needed for building implied volatility trees.  The following section provides details of the IVT method chosen for this research.

 LISTNUM  LegalDefault \l 3   Model

 LISTNUM  LegalDefault \l 4   IVT implementation

This section presents the construction and implementation of an IVT.  The description presented here summarizes methods originally derived by Dupire (1994) and Derman and Kani (1994) with extensions by Chriss (1996 and 1997).  The notation used in this procedure is listed in Table IV (Haug, 1998).

The first step in constructing an IVT requires a set of input options across multiple strikes and times to expiration.  These options are inputs to build a volatility surface using a chosen interpolation technique.  At this point, the interpolation technique and construction of the volatility surface is assumed to be completed, and building the IVT can begin.  The outcome will be a binomial tree that incorporates the information from the implied volatility surface or a “skewed” binomial tree.  

The IVT begins at time step n and requires the calculation of n+2 commodity prices and n+1 transition probabilities or 2n+3 parameters, where 2n+2 are known at time step n.  These known parameters are n+1 forward prices and n+1 option prices expiring at time Tn+1.  The transition probabilities, uprob,n,i, are risk neutral probabilities for transitioning from node (n,i) to (n+1,i+1).  The forward prices follow the no arbitrage condition that makes the tree risk neutral:
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The n+1 options defined as cn,i and pn,i are theoretical options calculated with volatilities defined by the volatility surface under COPM assumptions.
  The market value of a put, pn,i, with strike price corresponding to the current commodity level Sj-1,k and expiring and time j is summed over all nodes at the time of expiration multiplied by the Arrow-Debreu prices.  The market value of this option at time j is 
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The market value of a call, cn,i, is defined in a similar manner.  The Arrow-Debreu prices are state prices that have a cash flow of $1.00 in period n and state i but 0 elsewhere.  The Arrow-Debreu prices are determined for each period n+1 at period n for all states i as follows
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Forward induction is used to construct the IVT at each node.  The value of pj,K at node j-1,k can be determined from (9) and by recognizing that at nodes above j (k>j) the value a put is zero and below j (k<j) the value is positive, therefore the value of a put, vputj-1,k is 
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Using (9) and solving, the put value is 
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A similar definition for the tree value of the call, vcallj-1,k is 
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The up and down transition probabilities are respectively 
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The CRR binomial tree provides that Su=K*u and Sd=K*d where u and d are the up and down transition jumps and d=1/u.  Substituting these relationships in dprob above, the up transition probability becomes
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This function of this equation is to determine the up and down commodity levels respectively based on the choice of centering conditions.
  The choice for centering is the spot as in Derman and Kani (1994) and Chriss (1996 and 1997) where
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The implied local volatility at each node in the tree is the logarithmic spacing of Derman and Kani (1994) calculated as
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A problem that occurs with this methodology is that a probability is not in the range 0<uprob<1.  This happens with the forward price is not between Su and Sd or a violation of no arbitrage conditions occurs.  There are several alternatives for correcting this type of problem.  One alternative, presented by Chriss (1997), is applicable to the futures options.  This method is to ensure that proper spacing of the futures and current nodes through the local volatility.  To ensure proper spacing a new S'u or S'd need to be calculated.  Defined these as 
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The second method is to grow the tree at the forward curve thereby displacing the time step to ensure maintaining the no arbitrage condition (Derman, Kani, and Chriss, 1996).  , Trinomial trees are another solution.
  Chriss (1997) method is implemented in this research.  The basic algorithm for constructing an IVT is present in Table V.

The IVT produces a price, Arrow-Debreu, up probability, down probability, and local volatility tree.  The price and Arrow-Debreu trees will value vanilla options and exotic options.  This tree also determines hedge parameters.

 LISTNUM  LegalDefault \l 3   Hedge parameters

The delta of an option is the change of the option with respect to the change in the underlying asses or
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where, ci,j is the value of the option at node i,j and Fi,j is the underlying asset price at node i,j.

 LISTNUM  LegalDefault \l 2   Classic option pricing model 

 LISTNUM  LegalDefault \l 3   Model

The Classic Option Pricing Model (COPM) of Black (1976) is 
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where F is the maturity of the forward, (t is the maturity of the option, K is the strike price, 
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The value of the put is 
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 LISTNUM  LegalDefault \l 3   Parameter estimation

The COPM only unknown parameter is (.  Equation (20) or (22) is used to estimates this parameter by inverting the equation and using a traded option price.  The Newton-Raphson technique is the method for finding the solution.  This provides an implied volatility for each expiration and strike combination of forwards.

 LISTNUM  LegalDefault \l 3   Hedge parameters

The delta of the COPM is required to conduct the hedging performance for this study.  The delta of the option is the first derivative with respect to the price.  The delta for a call and a put respectively is
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ATM implied volatilities estimated in the previous section determine the hedge parameters. 

 LISTNUM  LegalDefault \l 2   Clewlow and Strickland commodity model

 LISTNUM  LegalDefault \l 3   Model

Clewlow and Strickland (1999, CS) derive an option pricing formula for pricing options of forwards and futures.  The solution for valuing a European option is 
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where F is the maturity of the forward, T-t is the maturity of the option, K is the strike price, 


[image: image26.wmf](

)

(,)

22

1

1

2

21

ln, and

.

Fts

K

dww

ddw

éù

=+

ëû

=-





( AUTONUMLGL  \e )

The value of the put can be valued using put-call parity.  The volatility of the forward price returns from t to T is integrated to determine w2 as
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 LISTNUM  LegalDefault \l 3   Parameter estimation

The parameters (o and ( requires estimation.  The loss function, using near-the-money options with different expirations as inputs, accomplishes this task.  The objective is to find the value of the parameter set that minimizes the loss function.  The loss function with the market price of the option, c*, and (24), is 
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Parameters (0 and (, are estimated using traded options, both puts and call, that are within 10% of the ATM option.  These parameters provide the term structure of volatilities.

 LISTNUM  LegalDefault \l 3   Hedge parameters

The Delta of the CS model is the first derivative with respect to the price, as with the COPM.  The delta for a call and a put respectively is


[image: image29.wmf](

)

(

)

11

e  and e1

rTrT

cp

NdNd

FF

--

¶¶

==-

éù

ëû

¶¶

.

( AUTONUMLGL  \e )

Modifying the volatility parameter of the COPM Delta calculation allow for determining the hedge parameters.  This modification uses the volatility calculated with (26).

� These options could use the Cox, Ross, and Rubinstein (1979) or As Chriss (1997) points out, a closed form model like Black (1976).


� A second choice is centering at the forward with Su and Sd are


� EMBED Equation.3  ���.


The differences in these equations and the results in DK come from the choice of the strike set at the current commodity level.  The results of DK are obtained by replacing K with the forward relationship, F=er(tS, and vj-1,i with the above equations.





� Trinomial trees are an option as seen in Derman, Kani, and Chriss (1996), Haug (1998), and Clewlow and Grimwood (1997).
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